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The Maslov index in the semiclassical Bohr–Sommerfeld quantization rule is calculated for one-dimensional
power-law potentials , , . The result for the potential  is com-
pared with the recently reported exact solution. The case of a spherically symmetric power-law potential is
also considered.
1. INTRODUCTION
In the simplest one-dimensional case, the Maslov
index  [1, 2] represents a correction to the quantum
number  that enters the Bohr–Sommerfeld quantiza-
tion rule (hereinafter, ):
(1)
Such a correction is physically meaningful: although
, the accuracy of the semiclassical approxima-
tion is higher, i.e., . It is well known that, for
potentials without singularities in the classically acces-
sible region , this correction is  1/2 [3].
The Maslov index differs from 1/2 when the potential
is singular at the turning points or elsewhere. In the
general case, the Maslov index evidently falls within
the range . In this study, we calculate this
correction for one-dimensional potentials of the form
(2)
and for similar spherically symmetric potentials. Here,
 (for , the moving particle falls to the
origin [3]: all discrete levels “sink” to minus infinity).
Without limiting the generality, it may be assumed
that . The potential described by Eq. (2) is sin-
gular at the origin. The effect of this singularity is
known only for the case  corresponding to the
Coulomb potential, for which  [4].
2. METHOD OF CALCULATION
We consider the Schrödinger equation
(3)
In the region , where  is the
right turning point, the right-hand side of Eq. (3) can
be disregarded, and the equation assumes the form
(4)
The condition of applicability of the semiclassical
approximation
(5)
is violated for ; so, the exact solution of Eq. (4)
has to be found. The semiclassical approximation for
Eq. (4) is valid only in the region of ,
where the corresponding solution can be written as
(6)
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This suggests seeking the exact solution of Eq. (4) by
making the substitution of the independent variable
. Then, we obtain
(7)
Making now the substitution , we
reduce Eq. (7) to the Bessel equation
(8)
The solution of Eq. (8) satisfying the condition
 is . For , we arrive at the
asymptotic expression
(9)
so that the wavefunction asymptotically assumes the
following form for :
(10)
Comparing Eqs. (6) and (10), we find
(11)
Now, let us consider the semiclassical wavefunc-
tion in the region , starting from the right
turning point:
(12)
Writing , we obtain the following
expressions for the integrals in Eq. (12) for the region
:
(13)
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Then, the wavefunction given by Eq. (12) assumes the
following form in the region :
(15)
The Bohr–Sommerfeld quantization rule is obtained
from the condition that wavefunctions (10) and (15)
coincide with each other up to a phase factor; i.e., the
sum of the cosine arguments has to be a multiple of :
(16)
Thus, we find the Maslov index
(17)
The square brackets in Eqs. (16) and (17) designate the
fractional part of a number. In particular, for the case
of  (corresponding to the Coulomb potential), we
have  and . The plot of Eq. (17) is
shown in the figure.
The ground-state energy for the case  is ,
as should be for the Coulomb potential. For , the
ground-state energy is , in agreement with Eq. (22)
below. For , the semiclassical ground-state
energy is  (see Eq. (18) below), while the exact
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numerical result is  [5]. Thus, the semiclassical
energies reproduce well the exact energies even for the
ground state. We note that the maximum value of the
ground-state energy equals  and is attained
for . As the exponent approaches , the
ground-state energy decreases rapidly to minus infin-
ity, which corresponds to the particle fall to the origin.
3. CASE OF 
For , we find from Eq. (17) that ,
and Eq. (16) yields the semiclassical energies of the
bound states
(18)
This case is interesting because there exists an exact
implicit analytical solution for the energy [5]:
(19)
For , this equation is evidently satisfied identi-
cally, but the corresponding eigenfunction equals zero.
The eigenfunctions are written in terms of linear com-
binations of the Hermite function and confluent
hypergeometric function [5]. The argument 
of the Hermite functions  in Eq. (19) is negative
and, for , falls in the intermediate region, where
. An asymptotic expansion suitable for
this region is [6]
(20)
where Ai and Bi are the Airy functions. Using the
expansions for the Airy functions in the vicinity of zero
(for large values of , the arguments of the Airy func-
tions are close to zero)  for  and
, in the limiting case of  and taking into
account that Bi Ai(0), Eq. (19) can be simpli-
fied to the form , whence we
obtain the spectrum given by Eq. (18) with a Maslov
index of .
4. LIMITING CASES
Let , where . Then, according to
general formula (16), we obtain semiclassical energies
(21)
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It follows from Eq. (21) that the energy levels belong to
one of two types: the level energies for  tend to
zero, while these energies for  tend to minus
infinity, which indicates the onset of the particle fall to
the origin for . There is an abrupt boundary
between these two types of levels.
Another limiting case is . From Eq. (16), we
find
(22)
The energies are close to , and they begin to rise
only for enormous quantum numbers of the order of
.
Since for
the Maslov index equals –1/4 also for the limiting
form of the logarithmic potential 
( ) according to Eq. (22). The semiclassical ener-
gies for this potential obtained by the Bohr–Sommer-
feld quantization rule are
(23)
where we have written explicitly the Planck constant
and the particle mass. These energies can be both pos-
itive and negative. Equation (23) can also be derived
from Eq. (16) if, for the potential , we
pass to the limit  and  with . If we
take , Eq. (23) yields E1 =
 for the semiclassical ground-state
energy. The exact numerical value for this case is 1.044
[8], which is in good agreement with the analytical
result obtained in the semiclassical approximation.
5. SPHERICALLY SYMMETRIC POTENTIAL
The above results can be applied without any mod-
ification to states of zero angular momentum in a
spherically symmetric potential . A
well-known example is the Coulomb potential ( ),
where the Maslov index equals zero and the semiclas-
sical energy coincides with the exact value. Next, let us
consider states of a nonzero angular momentum. The
radial Schrödinger equation can be written as
(24)
For , it becomes the Malmstén
equation [7]:
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(25)
which has the following solution regular at :
(26)
We note that the singularity in this case lies in the clas-
sically forbidden region. The asymptotic behavior of
this solution for  is
(27)
Fitting it to the solution given by Eq. (15), which starts
from the right turning point, we obtain the following
expressions for the eigenvalues and the Maslov index:
(28)
(29)
For , we have, as is expected, . Expres-
sions (28) and (29) were obtained in another way in [8].
6. SCATTERING PROBLEM
It is also of interest to consider the problem of
semiclassical s-wave scattering of a particle with a low
(semiclassical) positive energy  by
the above potential. In much the same way as Eq. (12),
let us write the wavefunction in the semiclassical
region as
(30)
Here,  (in dimensionless units). In
order to determine , the wavefunctions given by
Eqs. (30) and (10) should be matched with each other
in the region , where both of them are valid:
(31)
Then, we obtain
(32)
The semiclassical scattering phase is determined as
the difference between the phase in Eq. (30) and the
phase for the case of vanishing potential (for ,
because the known logarithmic divergence of the scat-
tering phase exists already for the Coulomb potential
( ); for , all phases for any angular momen-
tum diverge [3]):
(33)
Calculating the integral, we find the zeroth scattering
phase
(34)
which contributes  to the cross section.
The total cross section is infinite at summation over
large orbital angular momenta [3].
The solutions obtained may be useful for the anal-
ysis of quark–antiquark bound states [8].
We are grateful to V.V. Kiselev for valuable advice.
This study was supported by the Ministry of Education
and Science of the Russian Federation (project
no. 3.679.2014/K); by the State Committee of Sci-
ence, Ministry of Education and Science of the
Republic of Armenia (grant no. 15T-1C323); and by
the program “Leading Research Universities of Rus-
sia” (project no. FT_24_2016 for Tomsk Polytechnic
University).
REFERENCES
1. V. P. Maslov, Asymptotic Methods and Perturbation The-
ory (Nauka, Moscow, 1988) [in Russian].
2. V. P. Maslov and M. V. Fedoriuk, Semiclassical Approx-
imation in Quantum Mechanics (Nauka, Moscow, 1976;
Reidel, Dordrecht, 1981).
3. L. D. Landau and E. M. Lifshitz, Course of Theoretical
Physics, Vol. 3: Quantum Mechanics: Non-relativistic
Theory (Fizmatlit, Moscow, 2004; Pergamon, New
York, 1977).
4. V. M. Galitskii, B. M. Karnakov, and V. I. Kogan, Prob-
lems in Quantum Mechanics (Nauka, Moscow, 1992),
Probl. 9.5 [in Russian].
5. A. M. Ishkhanyan, Eur. Phys. Lett. 112, 10006 (2015).
6. G. Szegö, Orthogonal Polynomials (Am. Math. Soc.,
New York, 1959; GIFML, Moscow, 1962).
7. B. M. Karnakov and V. P. Krainov, WKB Approximation
in Atomic Physics (Springer, Berlin, 2013).
8. C. Quigg and J. L. Rosner, Phys. Rep. 56, 167 (1979).
ψ +
− − ψ + ψ =
2
2 2
( 1)1 1 0,
2 2s
d l l
dr r r
= 0r
⎛ ⎞
− /⎜ ⎟
ν ⎜ ⎟⎜ ⎟
⎝ ⎠
+ψ ; ν = .
− −
∼
1 22 2 2 1( )
2 2
s lr rJ r
s s
 1r
/
/ − /⎛ ⎞νπ πψ − − .⎜ ⎟
−⎝ ⎠
∼
3 2
4 1 22( ) cos
2 2 4
s sr r r
s
( )
( )
−⎧ ⎫πΓ
⎪ ⎪
= − + γ ;⎨ ⎬
⎪ ⎪Γ −
⎩ ⎭
2
212
( )
1 1
2
s
s
n
sE n
s
⎡ ⎤
− +γ = .⎢ ⎥
−⎣ ⎦
1 2
2(2 )
s l
s
= 1s γ = 0
− −
 
2 2 2
0( / )
s s
s sE m V
⎛ ⎞
⎜ ⎟ψ − λ ;
⎜ ⎟
⎝ ⎠
∫∼

0
1 1( ) sin ( ') '
( )
r
r p r dr
p r
⎛ ⎞
= + ; .⎜ ⎟
⎝ ⎠

0
0
1( ) 2 1s s
Vp r m r
r r
− /
= 
1
0 1
sr E
λ
  01 r r
/
/ − /⎛ ⎞πψ − .⎜ ⎟
− −⎝ ⎠
∼
3 2
4 1 22( ) sin
2 4(2 )
s s sr r r
s s
πλ = .
−4(2 )
s
s
< <1 2s
= 1s ≤ 1s
∞/
⎡ ⎤⎛ ⎞δ , = + − .⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦∫
1
0
0 2
0
2 1( ) 1 1
s
s
VmEE s dx
E x
( ) ( )
( )
/
/ −
Γ − Γ −
⎛ ⎞δ , = ,⎜ ⎟
⎝ ⎠ Γ


1
0
0 2 2 1
2 11 1
2( ) 1
12
s
s
VmE s sE s
E
s
σ = π20 /mE
